On symplectic fillings of virtually overtwisted torus bundles by Christian, Austin
ON SYMPLECTIC FILLINGS OF VIRTUALLY OVERTWISTED TORUS BUNDLES
AUSTIN CHRISTIAN
Abstract. We use Menke’s JSJ-type decomposition theorem for symplectic fillings to reduce the classification of
strong and exact symplectic fillings of virtually overtwisted contact structures on torus bundles to the same problem
for tight lens spaces. For virtually overtwisted structures on elliptic or parabolic torus bundles, this gives a complete
classification. For virtually overtwisted structures on hyperbolic torus bundles, we show that every strong or exact
filling arises from a filling of a tight lens space via round symplectic 1-handle attachment, and we give a condition
under which distinct tight lens space fillings yield the same torus bundle filling.
1. Introduction
A rich source of contact manifolds is provided by symplectic manifolds-with-boundary. When a symplec-
tic manifold-with-boundary (W,ω) admits a vector field Z on some neighborhood of ∂W ⊂ W satisfying
Z t ∂W and LZω = ω, there is naturally a contact structure onM := ∂W , given by ξ := ker ιZω. In this case,
we call (W,ω) a strong symplectic filling of (M, ξ). This leads to questions of geography and botany. Namely,
with a contact manifold (M, ξ) in hand, we wonder whether a symplectic filling (W,ω) of (M, ξ) exists and,
if so, whether the collection of such fillings can be enumerated.
It has long been known that not all contact manifolds admit symplectic fillings. For instance, in dimension
three a necessary condition for a contact manifold to be fillable is that its structure be tight ([Eli90],[Gro85]),
and in fact this condition is not sufficient ([EH02]). Among those contact manifolds which are fillable, some
have been found to have unique fillings up to natural notions of equivalence— e.g., (S3, ξstd) in [Eli90],[Gro85]
— while others admit infinitely many non-diffeomorphic fillings (c.f. [OS04]).
One family of contact 3-manifolds for which the geography and botany questions have seen partial or
complete answers is tight lens spaces. A corollary of the classification of tight contact structures on lens
spaces ([Gir00], [Hon00a]) is that all of these tight structures admit exact fillings. Work of McDuff [McD91]
and Plamenevskaya-Van Horn-Morris [PVHM10] has shown that this filling is unique when the lens space
has diffeomorphism typeL(p, 1) —with the exception of the standard tight structure onL(4, 1), which admits
two exact fillings. The corresponding classification for strong fillings holds up to symplectic deformation
equivalence and blowup. In [Lis08], Lisca catalogs the symplectic fillings of the standard contact structure
on all 3-dimensional lens spaces. Fossati has recently given topological constraints on the fillings of more
general structures ([Fos19b]), as well as a classification up to homeomorphism for fillings of lens spaces
which arise from Legendrian surgery on Legendrian representatives of the Hopf link H ⊆ S3 ([Fos19a]).
While a complete classification of fillings for tight lens spaces remains open, much progress has been made.
1.1. Torus bundles. In this paper we reduce the classification problem for virtually overtwisted contact
structures on torus bundles to the same problem for tight lens spaces. In [Hon00b], Honda classified the tight
contact structures on all torus bundles over S1, and there is a dichotomy between those which are universally
tight — meaning that the contact structure remains tight when lifted to the universal cover of the torus
bundle — and those which are virtually overtwisted — meaning that the torus bundle admits a finite-sheeted
covering space for which the lifted contact structure is overtwisted. Our methods apply exclusively to
virtually overtwisted contact structures.
Given an element A ∈ SL(Z, 2), we define the mapping torus
MA := (R2/Z2 × I)/ ∼,
where (x, 1) ∼ (Ax, 0). We callMA the torus bundle with monodromy A, and notice that the diffeomorphism
type ofMA depends only on the conjugacy class of A in SL(2,Z). We will say thatMA is
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• elliptic if | tr A| < 2;
• parabolic if | tr A| = 2;
• hyperbolic if | tr A| > 2.
This trichotomy will be used in the statement of our classification result, as will generators
S =
(
0 1
−1 0
)
and T =
(
1 1
0 1
)
of SL(2,Z). It is known (c.f. [Hon00b, Lemma 2.1]) that every conjugacy class of SL(2,Z) can be represented
by one of
• A = ±S;
• A = ±T−1S,±(T−1S)2;
• A = ±Tn, n ∈ Z;
• A = ±T r0ST r1S · · ·T rkS, ri ≤ −2, r0 < −2.
In the last case, the choice of conjugacy class representative is not unique, but in all cases the ± sign is
unique. We will refer to the monodromy A as positive or negative depending on sign of its conjugacy class
representative(s).
Ours is not the first study of symplectic fillings for contact torus bundles. In [DG01], Ding-Geiges showed
that every torus bundle admits an infinite family of weakly-but-not-strongly symplectically fillable contact
structures, all of which are universally tight. In [BO14], Bhupal-Ozbagci show that for certain parabolic and
hyperbolic torus bundles, there are precisely two isotopy classes of Stein fillable contact structures, and along
the way they construct a Stein filling for every tight contact structure on a torus bundle with positive hyper-
bolic monodromy. Golla-Lisca, in [GL15], construct Stein fillable structures on a large family of torus bundles,
with many of these structures being universally tight. One of these constructions provides a Stein filling for
each virtually overtwisted tight contact structure on a torus bundle with negative hyperbolic monodromy. In
[DL18], Ding-Li consider the question of strong symplectic fillability for some contact structures on negative
parabolic and negative hyperbolic torus bundles, and construct a Stein filling for the negative parabolic torus
bundle with monodromy −Tn, n ≤ −1.
In the present article, we use Menke’s JSJ decomposition ([Men18]) for symplectic fillings to obtain a
classification result for fillings of virtually overtwisted contact structures on torus bundles. Combined with
(non-)existence results previously established in [BO14], [GL15], and [DL18], our main result is the following.
Theorem 1.1. LetM be a 3-dimensional torus bundle, ξ a virtually overtwisted tight contact structure onM .
(A) IfM is an elliptic torus bundle, then (M, ξ) is not strongly symplectically fillable.
(B) IfM is the positive parabolic torus bundle with monodromy Tn (n ≥ 2), then (M, ξ) is not strongly sym-
plectically fillable. IfM is any other parabolic torus bundle, then (M, ξ) admits a unique strong filling up to
symplectic deformation equivalence and blowup.
(C) IfM is a hyperbolic torus bundle, then there is a nonempty, finite list (L(p1, q1), ξ1), . . . , (L(pm, qm), ξm)
of tight lens spaces such that every strong (exact) symplectic filling of (M, ξ) can be obtained from a strong
(exact) symplectic filling of (L(pi, qi), ξi), for some 1 ≤ i ≤ m, by attaching a round symplectic 1-handle. In
particular, (M, ξ) is fillable.
Remark.
(1) As noted above, some of the existence statements in Theorem 1.1 are not new. Indeed, (A) is weaker
than [EH02, Theorem 1.1], which says that virtually overtwisted structures on elliptic torus bundles
are not even weakly symplectically fillable. For the parabolic torus bundles, Ding-Li established the
existence of a symplectic filling for the unique virtually overtwisted torus bundle with monodromy
−Tn, n ≤ −1, in [DL18]. The existence statement for hyperbolic torus bundles was established in
[BO14] and [GL15].
(2) The proof of Theorem 1.1 produces explicit attaching data for the round symplectic 1-handles that
appear in (C). Namely, we identify Legendrian knots Li−, Li+ in (L(pi, qi), ξi) so that attaching a round
symplectic 1-handle to a filling of (L(pi, qi), ξi) along standard neighborhoods of Li− and Li+ yields
a filling of the torus bundle (M, ξ), for each 1 ≤ i ≤ m. Moreover, for 1 ≤ i ≤ m − 1, we obtain
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Ki Ki−1 Ki+1 Ki
Figure 1. The natural filling of (M, ξ), which has positive monodromy with coefficients
(r0, r1, . . . , rk), is obtained by attaching Weinstein 2-handles to the unique filling of (S1 ×
S2, ξstd) along the Legendrian knots K0, . . . ,Kk ⊂ (S1 × S2, ξstd). For each 0 ≤ i ≤ k,
the knot Ki is stabilized to ensure that tb(Ki) = ri + 1, and that r(Ki) is determined by
the contact structure ξ. If the monodromy of M is negative, we modify Λ by requiring
lk(K0,Kk) = −1.
(L(pi+1, qi+1), ξi+1) from (L(pi, qi), ξi) by performing (+1)-surgery along Li+ and (−1)-surgery along
Li−.
(3) While the tight contact structure ξ is virtually overtwisted, the structures ξ1, . . . , ξm could be either
universally tight or virtually overtwisted.
In Section 3.3 we will give an explicit construction of the list of lens spaces specified by (C) of Theorem 1.1.
We will see that ifM has monodromy
(1) A = ±T r0ST r1S · · ·T rkS,
with r0 ≤ −3 and ri ≤ −2 for 1 ≤ i ≤ k, then each lens space in the list has the diffeomorphism type of
L(p, q), where
−p
q
= [rk, . . . , r1] or − p
q
= [rj−1, rj−2, . . . , r0, rk, rk−1, . . . , rj+1]
for some 1 ≤ j ≤ k. By [a0, . . . , ak] we mean
[a0, . . . , ak] = a0 −
1
a1 −
1
a2 − · · ·
1
ak
.
This list of lens spaces (along with their contact structures) can be encoded diagramatically as follows. Per
[BO14] and [GL15], the standard filling of a tight torus bundle with monodromy given by (1) is obtained
from that of (S1 × S2, ξstd) by attaching Weinstein 2-handles along the link Λ ⊂ S1 × S2 depicted in Figure
1. (The knots in this link are stabilized according to the contact structure ξ.) To each 1 ≤ i ≤ k we asso-
ciate a tight lens space (Li, ξi), with a filling obtained from Figure 1 by erasing the 1-handle and the unknotKi.
Now let
0 = i1 < i2 < · · · < im ≤ k
be precisely those indices for which rij ≤ −3. Then (M, ξ) decomposes into m continued fraction blocks —
a notion we will recall in Section 2 — with a continued fraction block associated to each ij . Because ξ is
virtually overtwisted, (M, ξ) admits a mixed torus T ⊂ (M, ξ), and we use T to build a list L of tight lens
spaces from whose fillings the fillings of (M, ξ) will be obtained. If T is interior to the continued fraction
block associated to ij , for some 1 ≤ j ≤ m, then L has just one element — the lens space (Lij , ξij ). Otherwise,
T sits at the intersection of two continued fraction blocks, say, associated to ij and ij+1 for some 1 ≤ j ≤ m.
(Here im+1 = i1.) In this case
L = ((Lij , ξij ), (Lij+1, ξij+1), . . . , (Lij+1 , ξij+1)).
In words, each lens space in L is obtained by deleting the 1-handle and an unknot from Figure 1. For each
continued fraction block that T meets, L contains the corresponding lens space, as well as the intermediate
lens spaces obtained by deleting (−2)-framed unknots. Our result says that every filling of (M, ξ) is obtained
from a filling of some (Li, ξi) ∈ L by attaching a round 1-handle. For the standard filling of (Li, ξi), obtained
from Figure 1 as described, this round 1-handle is attached along knots K ′i,K ′′i ⊂ (Li, ξi) obtained from
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K ′i Ki−1 Ki+1 K
′′
i
Figure 2. A diagram for the standard filling of (Li, ξi), obtained from Figure 1 by delet-
ing the 1-handle and the knot Ki. Weinstein 2-handles are attached to (B4, ωstd) along
Ki−1, . . . ,Ki+1 ⊂ (S3, ξstd), but not along the dashed knots K ′i, K ′′i . These are obtained
from the knotKi in Figure 1 by replacing the 3-balls with cusps, with the stabilizations on
K ′i andK ′′i determined by our choice of mixed torus. Attaching a round symplectic 1-handle
to this filling alongK ′i,K ′′i yields the standard filling of (M, ξ).
Figure 1 by replacing each of the 3-balls with a cusp. See Figure 2.
If tb(Ki) 6= −1, there remains the ambiguity of how we distribute the stabilizations ofKi amongK ′i and
K ′′i , but this is resolved by the mixed torus we are using. Namely, the continued fraction block associated to
Ki decomposes into basic slices, each of which we think of as either positive or negative, and the stabilizations
ofKi correspond to these basic slices. (We will recall the notion of a basic slice in Section 2.) The stabilizations
ofKi are then distributed amongK ′i andK ′′i according to the number of basic slices on either side of our
mixed torus. In particular, if the mixed torus lies at the boundary of two continued fraction blocks, then
all of the stabilizations of Ki will lie on one of K ′i or K ′′i , with the other being a Legendrian unknot with
Thurston-Bennequin number −1. In all cases, attaching a round symplectic 1-handle along K ′i and K ′′i
corresponds to attaching a Weinstein 1-handle along p′i ∈ K ′i and p′′i ∈ K ′′i , followed by a Weinstein 2-handle
attachment alongKi. The resulting filling of (M, ξ) is the standard filling depicted in Figure 1.
1.2. Distinct decompositions of fillings. If we happen to have a classification for the fillings of the lens
spaces (L(p1, q1), ξ1), . . . , (L(pm, qm), ξm) produced by Theorem 1.1, we can then produce all of the fillings
of our original hyperbolic torus bundle (M, ξ) by attaching round 1-handles to these lens space fillings. One
then wonders about the extent to which this construction over-counts fillings of (M, ξ). Namely, can attaching
a round 1-handle to one lens space filling yield the same filling of (M, ξ) as attaching a round 1-handle to
another lens space filling?
For the standard fillings of tight lens spaces and torus bundles, the answer to this question is yes. From
Figures 1 and 2 we see that the filling of (M, ξ) obtained by attaching a round 1-handle to the standard filling
of (L(pi, qi), ξi) is the standard filling, for 1 ≤ i ≤ m.
Corollary 1.2. Let ξ be a virtually overtwisted tight contact structure on a hyperbolic torus bundleM . If each of the
tight lens spaces (L(p1, q1), ξ1), . . . , (L(pm, qm), ξm) produced by Theorem 1.1 is uniquely fillable, then so is (M, ξ).
For example, consider the hyperbolic torus bundleM with monodromy
A = T−kST−mS,
for some k,m 6= 4, and let ξ be any virtually overtwisted tight contact structure onM (of which there are
(k − 1)(m− 1)− 2). The precise list of tight lens spaces produced by Theorem 1.1 will depend on ξ, but the
only diffeomorphism types which might appear on this list are L(k, 1) and L(m, 1). Because k,m 6= 4, every
tight contact structure on L(k, 1) and L(m, 1) is uniquely fillable (c.f. [McD90] and [PVHM10]). It follows
that every virtually overtwisted tight contact structure onM is uniquely fillable.
So the hyperbolic torus bundle (M, ξ) can admit non-standard fillings only when at least one of the lens
spaces produced by Theorem 1.1 admits such a filling. But there remains the possibility that non-standard
fillings of distinct lens spaces can yield the same filling of (M, ξ) after round 1-handle attachment. In Section 4
wewill describe a circumstance in which distinct lens space fillings yield the same filling of (M, ξ). Describing
all such circumstances — that is, identifying all relations among lens space fillings which lead to the same
torus bundle fillings — is an interesting question for future work.
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1.3. Strategy. For each torus bundle (M, ξ) that we consider, our classification will follow the same basic
recipe. We begin by identifying a fiber-isotopic mixed torus Σ ⊂ (M, ξ). A mixed torus is a type of convex
torus defined by Menke in [Men18] which admits a neighborhood consisting of basic slices of opposite sign.
To identify this torus, we realize M as the result of identifying the boundary components of T 2 × I via
some monodromy A. In each case, the contact structure ξ onM lifts to a (perhaps non-unique) tight contact
structure on T 2 × I , which we also denote by ξ. We then use the fact that (M, ξ) is virtually overtwisted to
find basic slices of opposite sign on either side of T 2×{0} (perhaps after a contact isotopy), making T 2×{0}
a mixed torus.
Having identified a mixed torus in (M, ξ), we suppose that (W,ω) is an exact filling of (M, ξ) and turn
to Menke’s JSJ decomposition theorem, [Men18, Theorem 1.1]. This theorem produces (W ′, ω′), an exact
filling of a contact manifold (M ′, ξ′), and tells us how to obtain (W,ω) from (W ′, ω′), as well as providing
a relationship between (M, ξ) and (M ′, ξ′). Specifically, because our mixed torus is the fiber T 2 × {0}, the
decomposition theorem allows us to write
M ′ = S0 ∪ (T 2 × I) ∪ S1
for some identifications ∂Si → T 2 ×{i}, where S0 and S1 are solid tori. That is,M ′ is a lens space. Moreover,
the decomposition theorem tells us that we can recoverM fromM ′ by removing the interiors of S0 and S1
and identifying the dividing curves and meridians of the resulting boundary components. At the level of
fillings, this corresponds to attaching a round symplectic 1-handle to a filling of the lens space along the
cores of the solid tori — for the lens space (L(pi, qi), ξi) produced by Theorem 1.1, these core curves are the
Legendrian knots Li− and Li+.
The dividing curves of ∂S0 and ∂S1 have slopes s0 and s1, respectively, determined by the contact structure
on T 2 × I . If the meridians of S0 and S1 are denoted µ0, µ1, then Aµ1 = µ0. These meridians are not a priori
determined by the decomposition theorem, but by investigating different choices for the meridian µ1, we are
in many cases able to either completely determine (M ′, ξ′), or able to show that no exact filling of (M, ξ) exists.
Our primary technique for ruling out possible meridians µ1 involves an analysis of the slopes of µ0, µ1, Γ0,
and Γ1, where Γi is the dividing set of T 2×{i}. Because (M ′, ξ′) is fillable, ξ′ must be a tight contact structure.
Now consider a family of convex tori inM ′, beginning with the boundary of a tubular neighborhood of the
core of S1 ⊂M ′, passing through the fibers of T 2 × I ⊂M ′, and tending towards the boundary of a tubular
neighborhood of the core of S0 ⊂M ′. Each torus in this family has a pair of dividing curves, and the slopes
of these curves will vary from the slope of µ1 to s1 to s0 to the slope of µ0 as we traverse the family. Because
ξ′ is tight, the total angle through which these dividing curves pass cannot exceed pi. We will rule out many
possibilities for the meridian µ1 by showing that these choices would cause this last condition to be violated.
Acknowledgements. The author is grateful to Ko Honda for suggesting this project and offering feed-
back throughout its completion, and would also like to thank Youlin Li and Emmy Murphy for a helpful
correspondence and conversation, respectively. Thanks also to an anonymous referee for several helpful
suggestions.
2. Background
In this section we recall some definitions necessary for the statement of Theorem 1.1 — such as symplectic
filling and virtually overtwisted torus bundle — and offer a brief review of [Men18, Theorem 1.1], which is the
main ingredient of our proof.
2.1. Symplectic fillings of contact manifolds. We will say that a contact manifold (M, ξ) is fillable if it can
be realized as the boundary of a symplectic manifold, with a certain level of compatibility required between
the symplectic and contact structures. More precisely, we have the following definitions.
Definition. Fix a co-oriented contact manifold (M, ξ) and suppose (W,ω) is a symplectic manifold with
∂W = M as oriented manifolds. We say that (W,ω) is
• a strong symplectic filling of (M, ξ) if there is a 1-form λ onW such that ω = dλ on some neighborhood
of ∂W and ξ = ker(λ|∂W );
• an exact filling of (M, ξ) if there is a 1-form λ onW such that ω = dλ on all ofW and ξ = ker(λ|∂W ).
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We say that (M, ξ) is strongly symplectically fillable or exactly fillable if it admits a strong symplectic or exact
fillling, respectively.
2.2. Tight contact structures on torus bundles. The contact manifolds of central interest in this paper are
torus bundles over S1. These are smooth 3-manifolds whose tight contact structures were classified by Honda
in [Hon00b].
In [Hon00b] Honda gave a classification of the tight contact structures onMA in terms of the monodromy
A, and each of these structures is either universally tight or virtually overtwisted, notions we now define.
Definition. Let (M, ξ) be a tight contact 3-manifold, p˜i : M˜ →M the universal cover ofM . We will say that ξ
is universally tight if the contact manifold
(M˜, ξ˜ := p˜i∗ξ)
is tight. We will call ξ virtually overtwisted if there is some finite cover pi : M →M ofM for which the contact
manifold
(M, ξ := pi∗ξ)
is overtwisted.
Remark. It is not immediately obvious that every tight structure on a 3-manifold must be either universally
tight or virtually overtwisted. However, every tight contact structure on a manifold with residually finite
fundamental group must fall into one of these categories, and work of Hempel ([Hem87]) along with the
geometrization conjecture shows that every 3-manifold has this property.
We are now prepared to summarize Honda’s classification of virtually overtwisted tight contact structures
on torus bundles over S1. This classification is contained in the following table, omitting torus bundles
which admit only universally tight contact structures. We continue to use the generators S and T of SL(2,Z)
identified in Section 1.1.
Type Monodromy # of VOT structures
Elliptic (| tr A| < 2) A = S 1
A = (T−1S)2 2
Parabolic (| tr A| = 2)
A = T 2 1
A = Tn, n > 2 2
A = Tn, n ≤ −2 |n− 1| − 2
A = −Tn, n < 0 1
Hyperbolic (| tr A| > 2) A = T r0ST r1S · · ·T rkS |(r0 + 1) · · · (rk + 1)| − 2
(r0 ≤ −3, ri ≤ −2) A = −T r0ST r1S · · ·T rkS |(r0 + 1) · · · (rk + 1)|
We will not say much about Honda’s techniques for establishing the above classification, but will recall
some of the vocabulary used in the proof.
Definition. Let (M, ξ) be a contact 3-manifold, and let Σ ⊂M be a surface. We will say that Σ is convex if
there exists a contact vector field v which is transverse to Σ. That is, if λ is a 1-form onM satisfying kerλ = ξ,
then ker(Lvλ) = ξ. If Σ is convex, we define the dividing set of Σ to be
ΓΣ = {p ∈ Σ|vp ∈ ξp}.
The dividing set is a multicurve which depends on v only up to isotopy.
Throughout this paper, whenever we have a convex torus T 2 ⊂ (M, ξ), we will assume that the dividing
set ΓT 2 has two parallel components. Under the identification T 2 = R2/Z2, these components are isotopic
to a line of rational slope s(T 2), which we refer to as the slope of the dividing set. We may now define the
fundamental building block for classifying tight structures on torus bundles — the basic slice.
Definition. Let (T 2 × I, ξ) be tight, with convex boundary, and let si be the slope of T 2 × {i}, i = 0, 1. We
call (T 2 × I, ξ) a basic slice if
• s0 and s1 are connected by an edge of the Farey tessellation;
• for each t ∈ [0, 1], if T 2 × {t} is convex, then its slope s lies in the interval [s1, s0] on the Farey
tessellation.
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Figure 3. The Farey tessellation of the hyperbolic unit disk. The rational numbers p/q and
p′/q′ are each connected to (p+ p′)/(q + q′) by an arc.
The Farey tessellation is depicted in Figure 3, with [s1, s0] denoting a counterclockwise arc from s1 to s0.
Remark. The rational numbers s0 and s1 will be connected by an edge of the Farey tessellation if and only if
the minimal integral vectors representing s0, s1 form a basis of Z2.
For our purposes, the most pertinent fact about basic slices is the following: once we fix rational slopes
s0, s1 which are Farey neighbors, there are precisely two tight contact structures ξ on T 2×I making (T 2×I, ξ)
a basic slice with slopes s0, s1, and these structures are distinguished by their relative Euler classes. Indeed,
we have PD(e(ξ, s)) = ±(0, 1) ∈ H1(T 2;Z).
Basic slices are useful in the classification of tight contact structures because one can decompose a tight
solid torus (T 2 × I, ξ) into basic slices, each of which admits two tight contact structures. These basic slices
naturally cluster into continued fraction blocks, within which the basic slices may be shuffled. The standard
model for a continued fraction block is a tight structure on T 2 × [0,m] with boundary slopes sm = −1−m,
s0 = −1 for somem ≥ 1. We assume that this tight structure decomposes intom basic slices, with sk = −1−k
for 0 ≤ k ≤ m. There arem+ 1 tight structures satisfying these requirements, distinguished by their relative
Euler classes, which satisfy PD(e(ξ, s)) = (0, k) ∈ H1(T 2;Z) for some k ∈ {−m, 2−m, . . . ,m− 2,m}.
Of the m + 1 tight contact structures on a continued fraction block T 2 × [0,m], just two — those with
PD(e(ξ, s)) = ±(0,m) — are universally tight. The remaining tight structures will contain adjacent basic
slices of opposite sign, which causes their lifts to the universal cover to be overtwisted. More generally,
a tight contact structure ξ on a thickened torus T 2 × I can have each of its continued fraction blocks be
universally tight, while ξ itself is virtually overtwisted. Again, this occurs when the basic slice decomposition
of (T 2 × I, ξ) includes adjacent basic slices of opposite sign. See [Hon00b, Section 4.4.5] for details.
Following Honda, we will think of our contact manifolds (MA, ξ) as thickened tori (T 2 × I, ξ), with the
ends T 2 × ∂I identified by the monodromy A. When the monodromy is negative (in the sense described
above), this identification will induce a change of sign, leading some universally tight contact structures on
T 2 × I to induce virtually overtwisted contact structures onMA. Again, see [Hon00b] for full details.
2.3. Mixed tori and the JSJ decomposition. The purpose of this subsection is to state [Men18, Theorem
1.1], which is our primary tool in proving Theorem 1.1. When a contact manifold (M, ξ) admits a certain
type of convex torus T 2 ⊂ (M, ξ), [Men18, Theorem 1.1] allows us to cut open a filling (W,ω) of (M, ξ) along
T 2. This yields a new filling (W ′, ω′) of a new contact manifold (M ′, ξ′), and our strategy is to leverage an
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understanding of the fillings of (M ′, ξ′) into information about the fillings of (M, ξ).
The restriction Menke places on the convex torus T 2 ⊂ (M, ξ) is that it must be mixed. We call T 2 a mixed
torus if there is a neighborhood T 2 × [−1, 1] ⊂M of T 2 = T 2 × {0} such that
• (T 2 × [−1, 0], ξT 2×[−1,0]) and (T 2 × [0, 1], ξT 2×[0,1]) are basic slices;
• (T 2 × [−1, 1], ξT 2×[−1,1]) is virtually overtwisted.
This will occur precisely when PD(e(ξT 2×[−1,1], s)) = (0, 0) ∈ H1(T 2;Z). The mixed torus terminology arises
from thinking of T 2 as sandwiched between basic slices of opposite sign.
The symplectic filling (W ′, ω′) produced by Menke’s result is related to the original filling (W,ω) by round
symplectic 1-handle attachment, a notion described in [Avd12] and [Ada17]. Briefly, a round symplectic 1-handle
is described as follows. Let (S, ξ) be a standard contact torus. With coordinates (θ, x, y) on S = S1 × D2, we
may write ξ = ker(dy − xdθ). We then let H = [−1, 1]× S and set
ωH = dt ∧ dy + dθ ∧ dx,
where t is the coordinate on [−1, 1], and call (H,ωH) a round symplectic 1-handle. We may define a vector field
V on H so that LV ωH = ωH and V points transversely out of H along [−1, 1] × ∂S ⊂ ∂H , while pointing
transversely into H along {±1} × S ⊂ ∂H . This allows us to attach (H,ωH) to a strong symplectic filling
(W,ω) to obtain a new such filling. One does this by identifying standard solid tori S0, S1 ⊂ (M, ξ) = ∂W ,
which have natural identifications with {−1} × S and {1} × S, respectively. Typically the solid tori S0, S1
arise as standard neighborhoods of Legendrian knots in (M, ξ). For full details, see [Avd12] or [Ada17].
We can now state Menke’s result.
Theorem 2.1 ([Men18, Theorem 1.1]). Let (M, ξ) be a closed, cooriented contact 3-manifold, and let (W,ω) be a
strong (exact) symplectic filling of (M, ξ). If there exists a mixed torus T 2 ⊂ (M, ξ), then there exists a symplectic
manifold (W ′, ω′) such that
(1) (W ′, ω′) strongly (exactly) fills its boundary (M ′, ξ′);
(2) there are standard solid tori S0, S1 ⊂ (M ′, ξ′) for which
M = (M ′ − int(S0)− int(S1))/ ∼,
where ∼ identifies the meridians and dividing sets of ∂S0 and ∂S1;
(3) the filling (W,ω) can be recovered from (W ′, ω′) by attaching a round symplectic 1-handle along S0 and S1.
3. Proof of Theorem 1.1
In this section we use Theorem 2.1 to prove Theorem 1.1. We treat the elliptic, parabolic, and hyperbolic
cases separately.
3.1. Elliptic torus bundles. There are two elliptic torus bundles which admit a virtually overtwisted contact
structure — one with monodromy A = S, and the other with monodromy A = (T−1S)2. In both cases we
obtain a virtually overtwisted structure by starting with a minimally twisting tight structure on T 2 × I with
boundary slopes s1 = 0 and s0 =∞ and then passing to the torus bundleMA. There are two such structures
on T 2 × I , and they become contact isotopic onMA when A = S. When A = (T−1S)2, the structures remain
distinct.
So there are three virtually overtwisted, elliptic torus bundles. None admit a strong symplectic filling.
Proposition 3.1. Let (M, ξ) be a virtually overtwisted, elliptic torus bundle. Then (M, ξ) is not strongly symplectically
fillable.
Proof. As stated above, there are three contact manifolds (M, ξ) which satisfy the hypotheses of this proposi-
tion, and all three are obtained from a tight (T 2 × I, ξ) with boundary slopes s1 = 0, s0 =∞. We consider
the case A = S; the case A = (T−1S)2 is similar.
Our first claim is that the image of the fiber T 2 × {0} in (M, ξ) is a mixed torus, and our proof of this
fact mimics Honda’s proof of the fact that ξ is an overtwisted contact structure. (c.f. [Hon00a, Section 4]).
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In particular, we begin with a tight contact structure ξ on T 2 × [0, 1] with boundary slopes s1 = 0 and
s0 =∞. Because these slopes are Farey neighbors, (T 2 × [0, 1], ξ) is a basic slice, and there are precisely two
possibilities for ξ, distinguished by their relative Euler classes. As in [Hon00a, Section 4.7], we compute these
relative Euler classes to be
PD(e(ξ, s)) = ±(v1 − v0) = ±((1, 0)− (0, 1)) = ±(1,−1) ∈ H1(T 2;Z),
where v0 and v1 are minimal vectors in Z2 representing the slopes s0 and s1, respectively. Now we may
decompose T 2 × [0, 1] into a pair of basic slices
(N1 := T
2 × [0, 1/2], ξ1 := ξ|N1) and (N2 := T 2 × [1/2, 1], ξ2 := ξ|N2)
with boundary slope s1/2 = 1, since 1 is a Farey neighbor of both 0 and∞. The relative Euler classes of these
basic slices are then
PD(e(ξ1, s)) = ±(v1/2 − v0) and PD(e(ξ2, s)) = ±(v1 − v1/2),
where v1/2 = (1, 1). Because these basic slices glue to form the basic slice (T 2 × [0, 1], ξ), their signs agree.
Now because the ends of T 2 × [0, 1] are identified to formM , we may also view N2 as T 2 × [−1/2, 0] by
applying the monodromy A. Applying the monodromy alters the relative Euler class:
PD(e(ξ2, s)) = ±A(v1 − v1/2) = ±(Av1 −Av1/2) = ±(−v0 − (v1 − v0)) = ∓v1.
Here we are using the fact that A = S is a rotation by −pi/2. So the basic slice (T 2 × [−1/2, 0], ξT 2×[−1/2,0])
has a sign which is necessarily opposite that of the basic slice (T 2 × [0, 1/2], ξT 2×[0,1/2]), making the fiber
T 2 × {0} sandwiched between them a mixed torus.
In [Hon00a], Honda uses this relative Euler class computation to show that (M, ξ) is virtually overtwisted.
An analogous computation for the monodromy A = (T−1S)2 allows us to distinguish between the two
virtually overtwisted tight contact structures on this torus bundle, and to see that the fiber T 2 × {0} is a
mixed torus in each of them.
As outlined in our strategy, we now suppose that (M, ξ) is fillable, with strong symplectic filling (W,ω),
using the notation from Section 1.3. Menke’s decomposition theorem, applied to (W,ω) and T 2×{0} ⊂ (M, ξ),
produces a strong filling (W ′, ω′) of (M ′, ξ′), with
M ′ ' S0 ∪ (T 2 × I) ∪ S1.
Because s1 = 0 and s0 =∞, the dividing sets Γi of ∂Si can be represented by
Γ0 =
(
0
1
)
, Γ1 =
(
1
0
)
.
The shortest integer vector representing the meridian µ1 must form an integral basis with Γ1 for Z2, and we
have µ0 = Aµ1. So we have representatives
µ1 =
(
m
1
)
and µ0 =
(
1
−m
)
for somem ∈ Z.
Notice that ifm ≥ 0, then a counterclockwise rotation from µ1 to Γ1 passes through an angle of at least
pi/2, and a counterclockwise rotation from Γ1 to Γ0 takes us through an angle of precisely pi/2. The rotation
from Γ0 to µ0 is then non-trivial, and we see that our dividing curves pass through an angle in excess of pi as
we move from the core of S1 to T 2 × I , and on to the core of S0. The same rotation occurs whenm ≤ 0. In
fact, this rotation is always 3pi/2 — regardless of the value ofm— as can be seen in Figure 4a.
The case A = (T−1S)2 is not much different. The dividing curves will rotate through an angle of
3pi/2 − θ(m), where θ(m) is the acute angle between (1,m)T and (1,−m − 1)T . In particular, the divid-
ing curves rotate through an angle greater than pi. The casem = 2 is depicted in Figure 4b.
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µ1
Γ1
Γ0
µ0
(a) A = S.
µ1
Γ1
Γ0
µ0
(b) A = (T−1S)2.
Figure 4. Slope analysis for virtually overtwisted, elliptic torus bundles.
In either case, we see that (M ′, ξ′) contains a thickened torus with non-minimal twisting which may
be completed to a solid torus S′ strictly containing S1. The non-minimal twisting means that (S′, ξ|S′) is
overtwisted (c.f. [Hon00a, Section 2.3]), and thus so is (M ′, ξ′). Note that this is the case no matter the value
ofm. But of course this contradicts the fillability of (M ′, ξ′), so we conclude that no strong symplectic filling
(W,ω) of (M, ξ) exists. 
3.2. Parabolic torus bundles. Topologically, the parabolic torus bundles admitting virtually overtwisted
contact structures are all circle bundles, with base either the torus or the Klein bottle. The virtually over-
twisted structures on these manifolds then fall into three families.
For n ≥ 2, the monodromy A = Tn produces a circle bundle over T 2 with Euler number n. This bundle
admits a unique virtually overtwisted contact structure if n = 2, and admits two such structures if n > 2.
These structures are exceptional in that they are the only virtually overtwisted contact structures on any torus
bundles which fail to be minimally twisting, a notion defined by Honda in [Hon00b]. We will show that these
structures are not strongly symplectically fillable.
Proposition 3.2. Fix n ≥ 2 and letMn be the torus bundle with monodromy A = Tn. Let ξ be a virtually overtwisted
contact structure onM . Then (Mn, ξ) is not strongly symplectically fillable.
Proof. Per the classification in [Hon00a], there are two tight contact structures on T 2 × I with boundary
slopes s0 = s1 = 0, and these pass to tight contact structures onMn. In [Hon00b], Honda shows that these
structures are distinct when n > 2, and for n ≥ 2 give all virtually overtwisted contact structures onMn. Let
ξ be one of these structures on T 2 × I , passing to ξ (via notational abuse) onM .
Because (T 2 × I, ξ) is not minimally twisting, the dividing curves rotate through an angle of pi as we
move from T 2 × {0} to T 2 × {1}, and thus all slopes are achieved by some boundary-parallel torus. We take
T 2 × {1/2}with slope s1/2 =∞. Because∞ is connected to 0 by an edge of the Farey tessellation, each of
T 2 × [0, 1/2] and T 2 × [1/2, 1] is a basic slice, and the fact that their union T 2 × I is not universally tight
makes T 2 × {1/2} a mixed torus.
Now suppose that (Mn, ξ) admits a strong symplectic filling (W,ω), and let (M ′, ξ′) be the strongly sym-
plectically fillable manifold that results from applying Menke’s decomposition theorem to (W,ω), using the
mixed torus T 2 × {1/2}. In order to split (Mn, ξ) open along T 2 × {1/2}, we think of this torus bundle as
the result of identifying the ends of (T 2 × [−1/2, 1/2], ξ) via the monodromy. Then, as above,M ′ results
from gluing solid tori S−1/2 and S1/2 to the boundary components of T 2 × [−1/2, 1/2], and we are left to
determine the meridians µ−1/2, µ1/2. Notice that the dividing curves Γ−1/2 and Γ1/2 have slopes s−1/2 = 1/n
and s1/2 =∞, respectively. Because the shortest integer vectors representing Γ1/2 and µ1/2 must form an
integer basis for R2/Z2, we may represent µ1/2 by the vector (1,m)T , for somem ∈ Z.
Suppose we havem = 0, so that µ1/2 = (1, 0)T . Then µ−1/2 = A(1, 0)T = (1, 0), so the counterclockwise
rotation from µ1/2 to Γ1/2 to Γ−1/2 to µ−1/2 takes us through an angle of 2pi, and we find that (M ′, ξ′) is
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µ1/2
Γ1/2
Γ−1/2
µ−1/2
(a)m ≥ 1.
µ1/2
Γ1/2
Γ−1/2
µ−1/2
(b)m ≤ −1.
Figure 5. Slope analysis for a virtually overtwisted torus bundle with monodromy Tn, n ≥ 2.
overtwisted. Som 6= 0.
Next, supposem ≥ 1, meaning that µ−1/2 is represented by A(1,m)T = (1 +mn,m). Because n ≥ 2, we
have
0 <
m
1 +mn
<
1
n
< m <∞,
which is to say that
0 < s(µ−1/2) < s(Γ−1/2) < s(µ1/2) < s(Γ1/2).
In this case, the dividing curves rotate through an angle in excess of 3pi/2, and again (M ′, ξ′) is overtwisted.
Som < 0.
But ifm < 0 then we find that
s(µ1/2) < 0 < s(Γ−1/2) < s(µ−1/2) < s(Γ1/2),
sincem < 0 < 1/n < m/(1 +mn). In this case, counterclockwise rotation from µ1/2 to Γ1/2 to Γ−1/2 to µ−1/2
takes us through an angle of 3pi/2, for any choice of m < 0 and n ≥ 2, and again we find that (M ′, ξ′) is
overtwisted. Because there are no suitable choices for the meridian µ1/2, we must conclude that (Mn, ξ) does
not admit a strong filling (W,ω). The overtwistedness whenm 6= 0 is seen in Figure 5. 
When n ≤ −2, the monodromy A = Tn will again give us a circle bundle over T 2 with Euler number n,
but in this case we have |n− 1| − 2 virtually overtwisted structures. These bundles admit a unique strong
filling, up to symplectic deformation equivalence and blowup, for any virtually overtwisted structure. As a
corollary, the exact fillings of these bundles are unique up to symplectomorphism.
Proposition 3.3. Fix n ≤ −2 and let Mn be the torus bundle with monodromy A = Tn. Let ξ be a virtually
overtwisted contact structure on Mn. Then (Mn, ξ) admits a unique strong filling, up to symplectic deformation
equivalence and blowup.
Proof. Consider a tight contact structure ξ′ on T 2 × I with boundary slopes s0 = −11−n and s1 = −1. Honda
showed in [Hon00a] that there are 1 − n such structures, distinguished by the number k of positive basic
slices they have in a continued fraction block. Concretely, each such structure ξ′ admits a decomposition into
−n basic slices
(2)
(
T 2 ×
[
0,
1
n
])
∪
(
T 2 ×
[
1
n
,
2
n
])
∪ · · · ∪
(
T 2 ×
[
n− 1
n
, 1
])
,
and we can identify ξ′ by counting the number of these basic slices which are positive. These structures
remain tight and distinct when we pass to Mn, and if k is neither 0 nor 1 − n, the resulting structure is
virtually overtwisted. If k = 0 or k = 1− n, the basic slices above all have the same sign, and the structure on
Mn is universally tight.
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Let ξ be a virtually overtwisted structure onMn, induced by a structure ξ′ on T 2× I . Because ξ is virtually
overtwisted, the basic slices in the decomposition (2) do not all have the same sign. In particular, we may
shuffle the basic slices so that that the first and last basic slices have opposite sign, ensuring that the image of
T 2 × {0} in (Mn, ξ) is a mixed torus.
Now suppose that (W,ω) is an exact filling of (Mn, ξ) and let (W ′, ω′) be the symplectic manifold with
boundary produced by splitting (W,ω) open along our mixed torus. This manifold exactly fills its boundary
(M ′, ξ′), and we may write
M ′ = S0 ∪ (T 2 × I) ∪ S1,
where the boundary slopes of T 2 × I are s0 = −11−n and s1 = −1. Denote by Γi and µi the dividing curves
and meridian, respectively, of ∂Si, for i = 0, 1. Then Γ0 and Γ1 are represented by the vectors (n− 1, 1)T and
(1,−1)T , respectively. Because the shortest integer vectors representing µ1 and Γ1 must form an integral basis
for Z2, we may represent µ1 by (m, k)T , withm ≥ 0 and k = ±1−m. It follows that µ0 is represented by
A
(
m
±1−m
)
=
(±n−m(n− 1)
±1−m
)
.
We now begin ruling out candidate values form.
First,mmust be positive. Indeed, ifm = 0 then the slopes of µ1 and µ0 are given by∞ and 1/n, respectively.
It follows that as we move a convex torus from the core of S1 to T 2 × {1}, then to T 2 × {0} and on to the core
of S0, the dividing curve slopes will range from∞ to −1 to −11−n and on to 1/n, rotating through an angle
greater than pi, as indicated in Figure 6a. This would mean that (M ′, ξ′) is overtwisted, violating its fillability.
Next, we must have k = 1−m. To this end, notice that for n ≤ −2 andm ≥ 1 we have
−1−m
m
< −1 < −1−m−n−m(n− 1) <
−1
1− n.
This tells us that if k = −1−m, then
s(µ1) < s(Γ1) < s(µ0) < s(Γ0),
and again the dividing curves pass through too great an angle for (M ′, ξ′) to be tight. This rotation is seen in
Figure 6b. So k = 1−m and µ1 is represented by a vector of the form (m, 1−m)T , withm ≥ 1.
Finally we show thatm = 1. Ifm ≥ 2 then we have
−1 < 1−m
m
<
−1
1− n <
1−m
n−m(n− 1) ,
so
s(Γ1) < s(µ1) < s(Γ0) < s(µ0),
and yet again the counterclockwise rotation from µ1 to Γ1 to Γ0 to µ0 takes us through an angle in excess of
pi. This rotation can be seen in Figure 6c.
So the meridians are given by µ1 = (1, 0)T and µ0 = (1, 0)T , meaning thatM ′ ' S2 × S1. This determines
ξ′, since S2 × S1 has a unique tight contact structure ξ0, and in fact determines (W ′, ω′), since (S2 × S1, ξ0)
has a unique strong filling up to symplectic deformation equivalence and blowup. Because we have a recipe
for reconstructing (W,ω) from (W ′, ω′) —namely, by attaching a round symplectic 1-handle to (W ′, ω′) along
S0 and S1 —we see that this filling is uniquely determined by (Mn, ξ). 
Finally, for n ≤ −1 we consider the monodromy A = −Tn, which produces a non-orientable circle bundle
over the Klein bottle. This bundle admits a unique virtually overtwisted contact structure, and in [DL18], Ding
and Li constructed a Stein filling for this structure. We show that Ding-Li’s filling is the unique exact filling
of this torus bundle, up to symplectomorphism. Indeed, theirs is the only strong filling, up to symplectic
deformation equivalence and blowup.
Proposition 3.4. Fix n ≤ −1 and let (Mn, ξ) be the virtually overtwisted torus bundle with monodromy A = −Tn.
Then (Mn, ξ) admits a unique exact filling, up to symplectic deformation equivalence and blowup.
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µ1
Γ1
Γ0
µ0
(a) Rotation in the casem = 0.
µ1
Γ1
Γ0
µ0
(b) The case k = −1−m.
µ1
Γ1
Γ0
µ0
(c) The casem ≥ 2 and k = 1−m.
Figure 6. Slope analysis for the monodromy A = −Tn, n ≤ −1 or A = Tn, n ≤ −2.
Proof. As mentioned, Ding and Li construct a Stein filling of (Mn, ξ) in [DL18]. We use the mixed torus
approach to show that no other exact fillings exist. Honda showed in [Hon00b] that the 1− n distinct tight
contact structures on T 2 × I with boundary slopes s0 = −11−n and s1 = −1 all descend to ξ onMn. Each of
these structures on T 2 × I is divided into −n basic slices(
T 2 ×
[
0,
1
n
])
∪
(
T 2 ×
[
1
n
,
2
n
])
∪ · · · ∪
(
T 2 ×
[
n− 1
n
, 1
])
,
and the contact structure on T 2× I is determined by the number of positive basic slices in this decomposition.
If n ≤ −2, then there are −n ≥ 2 basic slices, and we can choose a structure on T 2 × I for which the
basic slices T 2 × [0, 1n ] and T 2 × [n−1n , 1] are positive. The change of sign induced by Awill then cause the
image of T 2×{0} in (Mn, ξ) to sit between basic slices of opposite sign— that is, T 2×{0}will be amixed torus.
In case n = −1, either of the contact structures on T 2 × I with s1 = −1 and s0 = −1/(1− n) = −1/2 is a
basic slice. There is some t0 ∈ I so that the convex torus T 2 × {t0} has slope st0 = −2/3, so we may further
divide T 2 × I into a pair of basic slices
T 2 × I = (T 2 × [0, t0]) ∪ (T 2 × [t0, 1]) ,
each with the same sign. As before, the change of sign produced by the monodromy allows us to realize
T 2 × {0} as a mixed torus, sitting between the basic slices T 2 × [0, t0] and T 2 × [t0 − 1, 0] of opposite sign. In
any case, T 2 × {0} is a mixed torus.
Once again we suppose that (W,ω) is an exact filling of (Mn, ξ) and let (M ′, ξ′) be the exactly fillable
contact manifold produced by Menke’s decomposition theorem. We write
M ′ = S0 ∪ T 2 × I ∪ S1
and let Γi, µi denote the dividing curves and meridian of ∂Si, for i = 0, 1. Because s1 = −1, Γ0 is represented
by (1,−1)T ∈ T 2 = R2/Z2. The shortest integer vectors representing Γ1 and µ1 form an integral basis for Z2,
so µ1 = (m, k)T , where k = ±1−m andm ≥ 0. It follows that µ0 is represented by
A
(
m
±1−m
)
= −
(±n−m(n− 1)
±1−m
)
.
Our first claim is that m ≥ 1. If m = 0, then the meridians µ1 and µ0 are represented by (0,±1)T and
(±n,±1), respectively. Thus the counterclockwise rotation from µ1 to Γ1 to Γ0 to µ0 takes us from a slope of
∞ to a slope of −1 to a slope of −11−n , and then on to a slope of 1/n. In particular, the dividing curves of tori
in (M ′, ξ′) rotate through an angle greater than pi, and (M ′, ξ′) is overtwisted. The casem = 0 is depicted in
Figure 6a.
Next we claim that k = 1−m. Notice that form ≥ 1 and n ≤ −1,
−1−m
m
< −1 < 1 +m
n+m(n− 1) <
−1
1− n < 0.
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So if k = −1−m, then
s(µ1) < s(Γ1) < s(µ0) < s(Γ0) < 0.
As before, this tells us that the contact planes of (M ′, ξ′) will rotate through an angle in excess of pi, making
(M ′, ξ′) overtwisted. The case k = −1−m is depicted in Figure 6b.
Finally, we claim thatm = 1. Ifm ≥ 2 and n ≤ −1, then
−1 < 1−m
m
≤ −1
1− n <
1−m
n−m(n− 1) < 0,
which is to say
s(Γ1) < s(µ1) ≤ s(Γ0) < s(µ0) < 0,
since k = 1−m. Once again, this causes (M ′, ξ′) to be overtwisted. See Figure 6c.
At last we see that m = 1 and k = 0, so that µ1 is represented by (1, 0)T . Then µ0 is represented by
A(1, 0)T = (−1, 0)T , and M ′ ' S2 × S1. But S2 × S1 admits a unique tight contact structure, and this
structure has a unique strong symplectic filling up to symplectic deformation and blowup. That is, the output
(W ′, ω′) of Menke’s decomposition process is independent of the filling (W,ω) of (Mn, ξ) with which we
start. Because the decomposition recovers (W,ω) from (W ′, ω′), the filling (W,ω) is unique. 
3.3. Hyperbolic torus bundles. Hyperbolic torus bundles represent the generic case for torus bundles,
where the monodromy A has | tr(A)| > 2. The monodromy has the form
A = ±T r0ST r1S · · ·T rkS,
where r0 ≤ −3 and ri ≤ −2 for 1 ≤ i ≤ k and S, T are the generators of SL(2,Z) identified in Section
2. Honda showed in [Hon00b] that the torus bundle with this monodromy admits |(r0 + 1) · · · (rk + 1)|
minimally twisting tight contact structures. If the monodromy is positive, then two of these structures are
universally tight; otherwise they are all virtually overtwisted.
We will find it convenient to change our monodromy by a conjugation, and to relabel our coefficients.
Given a ≤ −3 and τ ≥ 0, set
Ca,τ = T
a+1S(T−2S)τT−1.
We determine the monodromy A by choosing integers a0, . . . , ak ≤ −3 and τ0, . . . , τk ≥ 0 and setting
A = ±Ca0,τ0 · · ·Cak,τk = ±T a0+1S(T−2S)τ0 · · ·T akS(T−2S)τkT−1.
Then T−1AT has the form identified above. Notice that with this notation the count of tight contact structures
is |(a0 + 1) · · · (ak + 1)|. The primary benefit to this new notation is that we may easily identify a basic slice
decomposition of (M, ξ). Namely, our decomposition will have |a0 + · · ·+ ak + 2(k+ 1)| basic slices, divided
into k + 1 continued fraction blocks.
With this notation established, we may state more explicitly our result for hyperbolic torus bundles.
Proposition 3.5. LetM be a hyperbolic torus bundle and let ξ be a virtually overtwisted tight contact structure onM .
Then there is a nonempty, finite list (L1, ξ1), . . . , (Lm, ξm) of tight lens spaces and a corresponding list L1±, . . . , Lm±
of Legendrian knots Li± ⊂ (Li, ξi) such that every strong (exact) symplectic filling of (M, ξ) can be obtained from a
strong (exact) symplectic filling of (Li, ξi), for some 1 ≤ i ≤ m, by attaching a round symplectic 1-handle along Li±.
Moreover,
(1) if (M, ξ) has a virtually overtwisted continued fraction block, we havem = 1;
(2) if the monodromy ofM has coefficients a0, a1, . . . , ak and τ0, . . . , τk, then we havem ≤ 2 + max{τi}.
Remark. The lists (L1, ξ1), . . . , (Lm, ξm) and L1±, . . . , Lm± are determined by the choice of a mixed torus in
(M, ξ). We will construct this list for each mixed torus in (M, ξ), and prove the last two statements of the
proposition by showing that (M, ξ) admits a mixed torus leading to a list of the desired length.
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As in the previous cases, our strategy is to identify a mixed torus in (M, ξ), and then to determine which
lens spaces may result from cutting (M, ξ) open along this torus and gluing on solid tori. We then use
Theorem 2.1 to conclude that all fillings of (M, ξ) result from fillings of these lens spaces via round symplectic
1-handle attachment. Notice that Theorem 2.1 specifies the attaching regions for these lens spaces. We will
follow Honda [Hon00b] in identifyingM with a quotient of T 2 × I , where T 2 × {1} has slope s1 =∞. The
basic slice decomposition of T 2× I will then have k+1 continued fraction blocks, with a block corresponding
to each coefficient ai. The continued fraction block associated to ai will consist of |ai + 2| basic slices, and
will have |ai + 1| tight contact structures, distinguished by the number of basic slices in the block which have
positive Euler characteristic.
Because there are |ai+ 1| tight contact structures on the continued fraction block associated with ai, we see
that there are |(a0 +1) · · · (ak+1)| tight contact structures on T 2×I with the desired boundary slopes. Honda
shows in [Hon00b] that these pass to distinct tight contact structures onM . Exactly two of the structures on
T 2 × I are universally tight — those two for which every basic slice has the same sign. If our monodromy is
positive, these two structures remain universally tight when we pass toM ; if A is negative, these structures
become virtually overtwisted.
Our basic slice decomposition ofM shows us that there are ` = |a0 + · · ·+ ak + 2(k+ 1)| tori which appear
along the boundary of a basic slice. If (M, ξ) is virtually overtwisted, then at least one of these ` tori sits
between basic slices of opposite sign, and is thus amixed torus. We choose such a torus T 2×{t0} and call it T 2.
Now A has an oriented eigenbasis {v1, v2} with associated eigenvalues λ1 > 1 and 0 < λ2 < 1. These
vectors are necessarily irrational, and we denote their slopes by
Λs := s(v1) and Λu := s(v2).
These are the stable and unstable slopes, respectively. On the Farey tessellation, the slopes corresponding to the
dividing sets of fibers of our T 2× I are located in the counterclockwise arc connecting Λu to Λs. In particular,
s(T 2) and s(AT 2) are in this sector.
The slopes s(T 2) and s(AT 2) will play the roles played by s1 and s0, respectively, in previous cases. Namely,
the lens space (M ′, ξ′) that results from Menke’s JSJ decomposition will have the form
St0 ∪ (T 2 × [t0, t0 + 1]) ∪ St0+1,
with boundary slopes st0+1 = s(T 2) and st0 = s(AT 2). We now identify the possible slopes for the meridian
µ of St0+1. Certainly s(µ) must be connected to st0+1 by an edge on the Farey tessellation, since the shortest
integral vectors representing these slopes form an integral basis for Z2. Our next claim is that s(µ) must not
lie in the same sector of the Farey tessellation as T 2 × I .
Lemma 3.6. On the Farey tessellation, s(µ) lies in the counterclockwise arc connecting Λs to Λu.
Proof. As in the previous cases, rotating from s(µ) to st0+1 to st0 to s(Aµ) must not take us through an angle in
excess of pi, lest (M ′, ξ′) be overtwisted. On the Farey tessellation, this means that the counterclockwise path
connecting these slopes (in this order) must not overlap itself. Now if s(µ) lies on the counterclockwise arc
[s(T 2),Λs] between s(T 2) and Λs, then s(Aµ) lies on [s(µ),Λs]. But then the arc [s(µ), s(T 2)] contains s(Aµ),
meaning that the rotation described above is through an angle greater than pi, and (M ′, ξ′) is overtwisted. On
the other hand, if s(µ) lies on [Λu, s(T 2)], then s(Aµ) is contained in [s(µ), s(AT 2)]. Again this means that
our path of slopes overlaps itself, and (M ′, ξ′) is overtwisted. We conclude that s(µ) lies on [Λs,Λu]. 
With Lemma 3.6 in hand, we quickly obtain the finite list (L1, ξ1), . . . , (Lm, ξm) guaranteed by Proposition
3.5. Indeed, supposewe have a sequence (s(µi)) ofmeridian slopes connected to s(T 2) on the Farey tessellation
(as all candidate meridian slopes must be). Then this sequence converges to s(T 2), and thus only finitely
many of the slopes are contained in [Λs,Λu], since s(T 2) is not contained in this interval. So there are only
finitely many possible meridians µ for St0+1, and hence only finitely many lens spaces to whichM ′ could be
diffeomorphic. Notice that the contact structure ξ′ onM ′ is determined by ξ, so we now know that we have a
finite list of tight lens spaces. Moreover, each of these lens spaces has a pair Li± ⊂ (Li, ξi) of distinguished
Legendrian knots, along which we attach symplectic 1-handles to produce fillings of (M, ξ). Each of these is
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Figure 7. The interval [Λs,Λu] for A = C−5,2. Notice that s1 = ∞ is connected to 0, 1, 2, 3,
while 0 is the only element of [Λs,Λu] to which either of −1 or −1/2 is connected.
constructed along with its lens space as the core curves of St0 and St0+1, respectively. We will obtain parts
(1) and (2) of Proposition 3.5 by examining the slopes which appear in a continued fraction block.
Lemma 3.7. Choose a ≤ −3 and τ ≥ 0, and let A = Ca,τ , with stable and unstable slopes Λs and Λu. Let (T 2× I, ξ)
be tight and have boundary slopes s1 and s0 corresponding to (0, 1)T and A(0, 1)T , respectively, and let T 2 ⊂ T 2 × I
be a boundary component for a basic slice. Then
(1) if T 2 is not a boundary torus, there is exactly one slope s connected to s(T 2) in the arc [Λs,Λu] on the Farey
tessellation;
(2) if T 2 = T 2 × {1}, there are τ + 2 slopes connected to s(T 2) in the arc [Λs,Λu].
Proof. First, note that the boundary torus T 2 × {1} has slope∞, and that (T 2 × I, ξ) contains |a+ 2| basic
slices. In particular, there are |a+ 3| non-boundary tori which lie between basic slices, and these have slopes
−1,−1/2, . . . , 1/(a+ 3).
We will prove this lemma by showing that 0 is the only value in [Λs,Λu] that is connected to any of these
slopes on the Farey tessellation, and by counting the values in [Λs,Λu] which are connected to∞. Note that
expanding A gives
A =
(−τ − (τ + 1)(1 + a) a+ 2
−(τ + 1) 1
)
,
and thus T 2 ×{0} has slope 1a+2 . In particular, since [Λs,Λu] ⊂ [s0, s1], we have 1a+2 < Λs. Similarly, because
A−1 =
(
1 −a− 2
τ + 1 −τ − (τ + 1)(1 + a)
)
,
A−1(0, 1)T has slope 1 + τ + 1|a+2| > Λ
u. At the same time,
A
(
1
Λu
)
= λ
(
1
Λu
)
for some 0 < λ < 1. An explicit calculation shows that
Λu =
1
2
(1 + τ +
√
(1 + τ)2 + 4(1 + τ)/|a+ 2|) > 1 + τ.
So 1 + τ < Λu < 1 + τ + 1|a+2| < 2 + τ . Similar reasoning shows that
1
a+2 < Λ
s < 0. On the Farey
tessellation, ∞ is connected only to integers, and we see that [Λs,Λu] contains precisely τ + 2 integers:
0, 1, . . . , τ, 1 + τ . So s1 is connected to τ + 2 slopes in [Λs,Λu], proving part (2). We also notice that each of
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the slopes −1,−1/2, . . . , 1/(a+ 3) is connected to 0 on the Farey tessellation, and, with the exception of −1,
is connected only to rational numbers p/q < 1/(a+ 2). In particular, 0 is the only value in [Λs,Λu] to which
any of the slopes −1,−1/2, . . . , 1/(a+ 3) is connected. See Figure 7. This proves part (1). 
While the precise slopes identified by Lemma 3.7 change when we compose to obtain
A = ±Ca0,τ0 · · ·Cak,τk ,
the counts do not. Indeed, each Cai,τi is an element of SL(2,Z) and will therefore preserve connections and
order on the Farey tessellation. So while the finite list of slopes s1 =∞,−1,−1/2, . . . , 1/(a+3), 1/(a+2) = s0
and the interval [Λs,Λu] will change after composition, the connections between the former and elements of
the latter will be unaltered.
In particular, if (M, ξ) has a virtually overtwisted continued fraction block, then there is a mixed torus T 2
which is interior to this block. According to Lemma 3.7, applying the JSJ decomposition along this mixed
torus leaves us with precisely one possible meridian µ for St0+1. Another possibility is for (M, ξ) to be
virtually overtwisted, but to have continued fraction blocks which are all universally tight. In this case we
find a mixed torus T 2 which lies between two continued fraction blocks. Lemma 3.7 tells us that s(T 2) is
connected to at most 2 + max{τi} distinct slopes in [Λs,Λu], and thus there are at most 2 + max{τi} distinct
lens spaces which may result from applying the JSJ decomposition along T 2. This completes the proof of
Proposition 3.5.
Example 1. LetM be the positive hyperbolic torus bundle with coefficients (a0, a1, a2) = (−4,−5,−4) and
(τ0, τ1, τ2) = (0, 2, 0). That is,M has monodromy
A = T−4ST−5ST−2ST−2ST−4S =
(
119 −83
−43 30
)
.
According to the classification of tight contact structures on torus bundles ([Hon00b]), the tight contact
structures onM are in one-to-one correspondence with the tight contact structures on T 2 × I which have
boundary slopes s0 = −1 and s1 = [−4,−2,−2,−5,−3] = −119/36. Each such tight structure decomposes
into seven basic slices, distributed among three continued fraction blocks, visualized as follows:
−1 −2 −3 −134 −237 −3310 −7623 −11936
0 1
The long tick marks at slopes −1,−3,−33/10, and −119/36 indicate divisions between continued fraction
blocks. The tori T 2 × {0} and T 2 × {1} (whose dividing sets have slopes −1 and −119/36, respectively) will
be identified by the monodromy A.
We now determine a tight structure onM by decorating each basic slice with a sign, indicating the sign of
the relative Euler class of the tight structure when restricted to this basic slice. Because basic slices may be
shuffled within a given continued fraction block, there are 3 · 4 · 3 = 36 tight contact structures onM . As
observed by Bhupal-Ozbagci in [BO14], each of these structures admits a Stein filling, depicted in Figure 8.
Each of the three continued fraction blocks inM has a corresponding tight lens space. Stein fillings of
these lens spaces may be obtained from Figure 8 by erasing the 1-handle along with one of the unknotsK0,
K1, or K4. So the lens spaces associated to the continued fraction blocks have topological types L(43, 13),
L(37, 10), and L(49, 34), respectively. The tight structure on the resulting lens space is determined by Figure
8. If a given continued fraction block in (M, ξ) is virtually overtwisted, then (M, ξ) admits a mixed torus
interior to this continued fraction block, and each exact filling of (M, ξ) may be obtained from an exact filling
of the corresponding lens space by round 1-handle attachment.
There are eight tight contact structures on M which are virtually overtwisted, but for which all three
continued fraction blocks are universally tight. In these cases, (M, ξ) admits a mixed torus which lies at the
boundary of two continued fraction blocks, and the list of lens spaces produced by Theorem 1.1 consists of
18 AUSTIN CHRISTIAN
K4 K3 K2 K1 K0
−4 −2 −2 −5 −4
Figure 8. The standard filling of any tight structure on the torus bundle with positive mon-
odromy coefficients (r0, r1, r2, r3, r4) = (−4,−5,−2,−2,−4) is obtained from Legendrian
surgery along the above link in (S1×S2, ξstd). Each knotKi is stabilized so that its Thurston-
Bennequin number exceeds its framing by 1, and the rotation numbers are determined by
the tight structure ξ onM . The lens spaces produced by Theorem 1.1 may be obtained by
erasing the 1-handle and an unknot, leaving a link in (S3, ξstd).
the lens spaces corresponding to these two continued fraction blocks, as well as all lens spaces between these.
These extra lens spaces are obtained from Figure 8 by deleting the round 1-handle and an unknot with a
−2-framing. For instance, if we have a mixed torus of slope −33/10 — sitting at the boundary of the second
and third continued fraction blocks — then the list of lens spaces produced by Theorem 1.1 has topological
type
(L(37, 10), L(123, 26), L(127, 71), L(49, 34)).
A mixed torus between the first and second or third and first continued fraction blocks will yield a list of
exactly two lens spaces, as there are no intermediate lens spaces in these cases.
The following diagram summarizes this example:
−1 −2 −3 −134 −237 −3310 −7623 −11936
0 1
L(43, 13)
L(49, 34) L(43, 13)
L(37, 10)
L(43, 13) L(37, 10) L(37, 10)
L(49, 34)
L(127, 71)
L(123, 26)
L(37, 10) L(49, 34)
If ξ is a virtually overtwisted tight contact structure onM , then there must be a mixed torus at one of the
seven slopes above. (Because T 2×{1} is identified with T 2×{0}, we need not consider this torus separately.)
Below each slope we see the diffeomorphism types of the lens spaces produced by Theorem 1.1 when a
mixed torus occurs with this slope. As mentioned above, the tight structures on these lens spaces will be
determined by ξ, as depicted in Figure 8.
4. Distinct decompositions of fillings
Without a full classification of symplectic fillings of lens spaces, Theorem 1.1 cannot be used to com-
pletely classify the fillings of virtually overtwisted hyperbolic torus bundles. Even with such a classifi-
cation for lens spaces, the only immediate consequence of Theorem 1.1 is a recipe which is guaranteed
to construct all fillings of such a torus bundle, but these constructions need not be unique. Indeed, if
(L(p1, q1), ξ1), . . . , (L(pm, qm), ξm) is the list of lens spaces provided by Theorem 1.1 for some hyperbolic
torus bundle (M, ξ), it is possible that there are fillings (Wi, ωi) of (L(pi, qi), ξi) for i = 1, . . . ,m, each of
which yield the same filling (W,ω) of (M, ξ) after round 1-handle attachment — in fact, we saw in Section 1
that this is the case for the standard fillings of the lens spaces.
To fully explicate such overcounting of the fillings of (M, ξ) will require a detailed understanding of the
fillings of (L(p1, q1), ξ1), . . . , (L(pm, qm), ξm). The proof of Theorem 1.1 establishes a relationship among
the lens spaces (L(p1, q1), ξ1), . . . , (L(pm, qm), ξm) that allows us to identify one source of overcounting. In
particular, the construction associates to each lens space (L(pi, qi), ξi) a pair of distinguished Legendrian
knots Li−, Li+ ⊂ (L(pi, qi), ξi) which arise as the core curves of the solid tori which are glued onto T 2 × {0}
and T 2×{1}, respectively, after (M, ξ) is cut open along its mixed torus. For 1 ≤ i ≤ m−1, we obtain the lens
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space (L(pi+1, qi+1), ξi+1) by simultaneously performing (+1)-surgery along Li+ and (−1)-surgery along Li−.
This relationship between the lens spaces gives us an algorithm for building fillings of (L(pi+1, qi+1), ξi+1)
from fillings of (L(pi, qi), ξi). If (Wi, ωi) is a strong symplectic filling of (L(pi, qi), ξi) in which Li+ bounds
a Lagrangian disk, then we may remove a neighborhood of the disk from (Wi, ωi) to obtain a symplectic
manifold strongly filling its boundary (c.f. [CET17, Theorem 3.1]), and the effect on the boundary is to
perform (+1)-surgery along Li+. We may then attach aWeinstein 2-handle to this new filling along Li−, and at
the boundary this has the effect of performing a (−1)-surgery along Li−. The result is (Wi+1, ωi+1), a strong
symplectic filling of (L(pi+1, qi+1), ξi+1), and Proposition 4.1 will tell us that this filling leads to the same
filling of (M, ξ) as does (Wi, ωi) after round 1-handle attachment.
To make the statement of Proposition 4.1 less cumbersome, we establish some notation. Suppose we
have a strong symplectic filling (X,ω) of a contact manifold (M, ξ), with Legendrian knots L0, L1 ⊂ (M, ξ).
Moreover, suppose that L0 is the boundary of a Lagrangian disk D ⊂ (X,ω) which meets ∂X transversely.
As alluded to above, we may identify a neighborhood N ⊂ X of D with a neighborhood of the cocore of a
Weinstein 2-handle, and remove this neighborhood to obtain a new symplectic filling (X,ω). (The existence
of such a neighborhood is proven in Theorem 3.1 of [CET17].) With (X,ω), D, L0, and L1 understood, we
denote by (X ′, ω′) the strong symplectic filling which results from attaching a Weinstein 2-handle to (X,ω)
along L1. Each of L0 and L1 has a natural Legendrian pushoff in ∂(X ′, ω′), given by the boundary of the
core and cocore of the associated 2-handle, respectively, which we denote L′0 and L′1. With this notation in
hand, we have the following result.
Proposition 4.1. Let (X,ω) and (X ′, ω′) be strong symplectic fillings related by the construction above. Let (W,ωW )
be the strong symplectic filling obtained by attaching a round symplectic 1-handle to (X,ω) along L0, L1, and let
(W ′, ω′W ) be the analogous filling for (X ′, ω′). Then (W,ω) and (W ′, ω′W ) are symplectomorphic fillings of (M, ξ).
Our strategy for proving this result is to realize round symplectic 1-handle attachment as a sequence of
Weinstein handle attachments, and then to reorder the Weinstein handles. The decomposition of a round
1-handle into Weinstein handles is explained in great generality in [Avd12, Section 7.2], but the precise
statement we need here is the following.
Lemma 4.2. Fix a strong symplectic filling (X,ω) of a contact 3-manifold (M, ξ), and identify Legendrian knots
L0, L1 ⊂ (M, ξ). Consider the following symplectic fillings:
(1) (Xr, ωr), obtained by attaching a round symplectic 1-handle to (X,ω) along the knots L0, L1 ⊂ (M, ξ);
(2) (Xw, ωw), obtained by attaching a Weinstein 1-handle to (X,ω) along points pi ∈ Li, i = 0, 1, and then
attaching a Weinstein 2-handle to the resulting filling along the knot L obtained by surgering L0 and L1 along
p0 and p1.
Then (Xr, ωr) is symplectomorphic to (Xw, ωw).
Before providing a proof of Lemma 4.2, let us say what we mean by surgering L0 and L1 along p0 and p1. A
4-dimensional Weinstein 1-handleH1 admits a Lagrangian submanifold-with-boundary Λ ⊂ H1 to which the
Liouville vector field onH1 is tangent, and such that this vector field gives Λ the structure of a 2-dimensional
Weinstein 1-handle. We then have Legendrian submanifolds ∂inΛ ⊂ ∂inH1 and ∂outΛ ⊂ ∂outH1. Now
we attach H1 to (X,ω) along p0, p1 by choosing a contactomorphism from the attaching region ∂inH1 to a
neighborhood of the points p0, p1. This contactomorphism can be chosen so that ∂inΛ ⊂ ∂inH1 is mapped to
arcs a0, a1 of the Legendrians L0, L1. In the boundary of the symplectic filling that results, we will have a
Legendrian knot
L = (L0 \ a0) ∪ ∂outΛ ∪ (L1 \ a1),
and it is this knot that we consider to be the result of surgering L0 and L1 along p0 and p1.
Proof of Lemma 4.2. Once we identify our round symplectic 1-handle with a symplectic handle in the sense of
Avdek, this fact follows from the discussion in [Avd12, Section 7.2]. We will present Avdek’s argument in
our particular case.
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As mentioned in Section 2.3, Avdek defines an abstract round symplectic 1-handle as follows. Let (Σ, β) =
(D∗S1, λcan) be the unit disk bundle in (T ∗S1, λcan), and consider the contact manifold
(3) (N(Σ) = [−, ]× Σ, α = dz + β),
where z is the coordinate on [−, ]. Avdek rounds the edges of N(Σ) to obtain N (Σ), and then defines the
symplectic manifold
(4) (HΣ, ωβ) = ([−1, 1]×N (Σ), dθ ∧ dz + dβ),
where θ is the coordinate on [−1, 1]. After more edge-rounding, this is an abstract copy of a round symplectic
1-handle, to be attached along the ends {±1} × N (Σ). In particular, we have the Liouville form
λΣ = −θdz − 2zdθ + β,
and (HΣ, λΣ) carries a Liouville vector field Z which points intoHΣ along {±1}×N (Σ) and out ofHΣ along
[−1, 1]× ∂N (Σ).
Now (Σ, β) has an obvious handle decomposition as a Weinstein domain, given by attaching a Weinstein
1-handle to a Weinstein 0-handle, and yielding the filtration
(D2, λstd) = (Σ0, β0) ⊂ (Σ, β)
of (Σ, β). By carrying out the constructions of (3) and (4) for (Σ0, β0), we obtain filtrations
(D3, αstd) = (N (Σ0), α0) ⊂ (N (Σ), α) and (HΣ0 , λΣ0) ⊂ (HΣ, λΣ),
and it is clear that (HΣ0 , λΣ0) is symplectomorphic to a Weinstein 1-handle. It remains to verify that we
obtain (HΣ, λΣ) from (HΣ0 , λΣ0) by attaching a Weinstein 2-handle.
To this end, we identify a Legendrian ribbon (Σi, βi) of Li ⊂ (M, ξ) with (Σ, β), using the filtration of
(Σ, β) to define (Σi0, βi0) ⊂ (Σi, βi), for i = 0, 1. Now the Liouville hypersurfaces (Σ0, β0) and (Σ1, β1) admit
standard neighborhoods N(Σ0), N(Σ1) ⊂ (M, ξ) along which a round symplectic 1-handle may be attached
to (X,ω) to yield (Xr, ωr). On the other hand, let (X1, ω1) denote the result of attaching the Weinstein
1-handle (HΣ0 , λΣ0) to (X,ω) along N(Σ00) and N(Σ10). By definition, we obtain (Xw, ωw) from (X1, ω1) by
attaching a Weinstein 2-handle, but the filtration (HΣ0 , λΣ0) ⊂ (HΣ, λΣ) above allows us to view (X1, ω1) as
living inside of (Xr, ωr). We will use this perspective to see (Xr, ωr) as the result of attaching a Weinstein
2-handle to (X1, ω1) and thus obtain the desired symplectomorphism.
For i = 0, 1, let Λi ⊂ Li ⊂ (Σi, βi) be the core disk of the 1-handle attached to (Σi0, βi0) to yield (Σi, βi).
This is a Legendrian chord in the boundary of (X1, ω1), and we identify Λi inside of N(Σi) as
Λi = {z = 0} × Λi ⊂ [−, ]× Σi = N(Σi).
At the same time, consider the disk
Λ˜ = [−1, 1]× Λ ⊂ (HΣ \ IntHΣ0),
where Λ ⊂ (Σ, β) is the analogous chord in Σ. Viewing (X1, ω1) as a subset of (Xr, ωr), we see that (X1, ω1)∩
Λ˜ = Λ0 unionsq Λ1, and that Λ˜ represents the core disk of the Weinstein 2-handle (HΣ \ IntHΣ0 , λΣ). The latter
statement follows from the fact that Λ is the core disk of the Weinstein 1-handle (Σ \ Σ0, β), meaning that β
vanishes along Λ, and thus λΣ vanishes along Λ˜. Up to smoothing, this disk has boundary
∂Λ˜ = Λ0 ∪ ([−1, 1]× ∂Λ) ∪ Λ1 ⊂ (X1, ω1),
which is the result in (X1, ω1) of surgering L0 to L1. So (Xr, ωr) is obtained from (X1, ω1) by attaching a
Weinstein 2-handle along this surgered knot, as desired, and thus round 1-handle attachment may be realized
as Weinstein 1-handle attachment followed by Weinstein 2-handle attachment. 
We are now prepared to prove Proposition 4.1.
Proof of Proposition 4.1. We continue using the notation established before the statement of Proposition 4.1.
In particular, we have a symplectic filling (X,ω) with Legendrian knots L0, L1 ⊂ ∂(X,ω) such that (X,ω)
and (X ′, ω′) are obtained from (X,ω) by attaching a Weinstein 2-handle along L0 and L1, respectively.
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Now since Lemma 4.2 tells us that round symplectic 1-handle attachment consists of a Weinstein 1-handle
attachment followed by a Weinstein 2-handle attachment, we see that (W,ω) and (W ′, ω′) are each obtained
from (X,ω) by a sequence of Weinstein handle attachments. In particular, we obtain (W,ω) by attaching a
Weinstein 2-handle along L0, then attaching a Weinstein 1-handle along points in L0, L1 ⊂ ∂(X,ω) — knots
which are Legendrian pushoffs of L0, L1 — and then attaching a Weinstein 2-handle along the resulting
surgered knot. By considering L1 instead of L0, we obtain (W ′, ω′). In either case, we may reorder our handle
attachments so that the round symplectic 1-handle is attached first to produce a filling (X ′, ω′), leaving us to
attach a Weinstein 2-handle along either L′0 or L
′
1 — these being Legendrian pushoffs of the corresponding
knots in (X,ω). But since we have attached a round symplectic 1-handle along L0, L1, their pushoffs are
Legendrian isotopic in ∂(X ′, ω′), with the isotopy being witnessed by a cylinder in the boundary of the
round 1-handle. So (W,ω) and (W ′, ω′) are obtained from (X,ω) by the same sequence of Weinstein handle
attachments, and thus are symplectomorphic. 
The practical upshot of Proposition 4.1 is this: for 1 ≤ i ≤ m− 1, the lens space (L(pi, qi), ξi) produced
by Theorem 1.1 comes with distinguished Legendrian knots Li−, Li+ ⊂ L(pi, qi) which are used to produce
(L(pi+1, qi+1), ξi+1) as described above. Proposition 4.1 says that if we have a filling of (L(pi, qi), ξi) in which
Li+ bounds a Lagrangian disk, then the filling of (M, ξ) produced by round 1-handle attachment is also
obtained from the corresponding filling of (L(pi+1, qi+1), ξi+1). In particular, if we are using Theorem 1.1 to
tabulate the fillings of (M, ξ), then any filling of (L(pi, qi), ξi) in which Li+ bounds a Lagrangian disk may be
ignored, as there is a filling of (L(pi+1, qi+1), ξi+1) which will produce the same filling of (M, ξ). Concretely,
we have the following corollary.
Corollary 4.3. Let (M, ξ) be a virtually overtwisted hyperbolic torus bundle, and let
(L(p1, q1), ξ1), . . . , (L(pm, qm), ξm)
be the list of tight lens spaces produced by Theorem 1.1, with distinguished Legendrian knots L1−, L1+, . . . , Lm− , Lm+ .
For 1 ≤ i ≤ m − 1, if (Wi, ωi) is a strong symplectic filling of (L(pi, qi), ξi) in which Li+ bounds a Lagrangian
disk, then there is a strong filling (Wi+1, ωi+1) of (L(pi+1, qi+1), ξi+1) such that (Wi, ωi) and (Wi+1, ωi+1) yield
symplectomorphic fillings of (M, ξ) after round symplectic 1-handle attachment along Li−, Li+ or Li+1− , Li+1+ .
Corollary 4.3 provides just one answer to the following question: under what conditions do fillings (Wi, ωi)
and (Wi+1, ωi+1) of (L(pi, qi), ξi) and (L(pi+1, qi+1), ξi+1), respectively, yield the same filling of (M, ξ) after
round symplectic 1-handle attachment? A full answer to this question, along with a classification of the
symplectic fillings of tight lens spaces, will complete the classification of fillings for virtually overtwisted
contact structures on torus bundles.
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